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ABSTRACT
We calculate the longitudinal contribution to the alignment polarization P ℓ of quarks
produced in e+e− annihilation. In the Standard Model, the longitudinal alignment polar-
ization vanishes at the Born term level and thus receives its first non-zero contribution
from the O(αs) tree graph process. We provide analytical and numerical results for the
longitudinal alignment polarization of massless and massive quarks, in particular for the
recently discovered top quark.
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1 Introduction
It is well-known that quarks produced in e+e−-annihilation are polarized to a substantial
degree. In the absence of beam polarization effects, the polarization of the quarks results
from the interplay of the parity-violating and parity-conserving pieces of the Z-exchange
and γ-exchange contributions. The degree of polarization of the quarks depends on the
type of the produced quarks and their masses, on the c.m. energy (due to the interplay of
γ- and Z-exchange contributions), on beam orientation effects, and on beam polarization
effects.
Concerning the detectability of the quark’s polarization the case of the t-quark
is simplest. The top quark is so heavy that it decays before hadronizing. Thus, the
polarization of the top quark can be directly studied through an analysis of its subsequent
decay modes [1,2]. In the charm and bottom sector, the quark’s polarization is expected to
be partially transmitted to the fragmentation product when the c- and b-quarks hadronize
to the Λc- and Λb-baryons, respectively, where the polarization transfer is 100%, at least
in the heavy quark limit [3]. The issue of the amount of polarization transfer in the
finite mass case is an important and interesting issue by itself [4]. Again, the Λc or Λb
polarizations can be determined by their subsequent decays [5].
Predictions for the polarization at the Born term level have been worked out some
time ago [1]. First O(αs) radiative corrections were presented in Ref. [6] where the av-
erage alignment polarization 〈P ℓ〉cos θ was calculated. The averaging was performed with
respect to the cosine of the polar beam orientation angle θ.† A surprising outcome of
the calculation was that the massless quark limit and the radiative correction calcu-
lation do not interchange. The reason is that there is a finite spin-flip contribution
from collinear gluon emission that survives even as mq → 0 [6,7]. The corresponding
† The alignment polarization is defined as the component of the polarization along the line of flight of
the particle. It is also frequently referred to as the longitudinal polarization. Here we choose the phrase
“alignment polarization” in order to set it apart from the “longitudinal” beam orientation component
discussed in this paper.
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spin-flip contribution is not present in massless QCD. To put it succinctly, one finds
QCD(mq → 0) 6= QCD(mq = 0) in the perturbative sector. Such anomalous spin-flip
contributions had already been discussed some time ago, in the context of QED [8].
In this paper, we discuss first results on O(αs) radiative corrections to orientation-
dependent polarization effects. We calculate the O(αs) corrections to the longitudinal
component of the quark’s alignment polarization. The longitudinal alignment polarization
is of particular interest since it vanishes at the Born term level in the Standard Model
(SM) due to the fact that the axial-vector current is a first class current in the SM.
Directly connected to this observation is the statement that there is no anomalous spin-
flip contribution to the longitudinal alignment polarization for vanishing quark masses.
The plan of the paper is as follows. In Sec. 2, we give general expressions for
the polar angle dependence of the alignment polarization of quarks produced in e+e−-
annihilation. The polarization is written in terms of polarized and unpolarized helicity
structure functions. In Sec. 3, we list the Born term contributions to the helicity structure
functions. Sec. 3 also contains complete results on the one-loop radiative corrections to
the alignment polarization in the case mq = 0. These are particularly simple for the
longitudinal alignment polarization. We briefly touch on the role of anomalous O(αs)
spin-flip contributions to the alignment polarization. Sec. 4 constitutes the main part of
the paper and gives analytical and numerical results on the massive O(αs) corrections
to the longitudinal alignment polarization. We present results on the single and double
differential distributions of the polarized longitudinal structure function as well as on
its totally integrated form. The Appendix contains our analytical results on the fully
integrated structure functions, where we also outline how these closed form expressions
were arrived at.
2 Orientation dependence of alignment polarization
In the absence of beam polarization effects, the orientation-dependent alignment polar-
ization is given by (see e.g. [9])
P ℓ(cos θ) =
dσℓ/d cos θ
dσ/d cos θ
=
N ℓ(cos θ)
D(cos θ)
, (1)
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where dσℓ and dσ are the polarized and unpolarized differential production rates, resp.,
and where
N ℓ = 3
8
(1 + cos2 θ)g14H
4(−)
U +
3
4
sin2 θ g14H
4(−)
L +
3
4
cos θ(g41H
1(−)
F + g42H
2(−)
F ), (2)
D = 3
8
(1 + cos2 θ)(g11H
1(+)
U + g12H
2(+)
U )
+3
4
sin2 θ(g11H
1(+)
L + g12H
2(+)
L ) +
3
4
cos θ g44H
4(+)
F (3)
The polar angle θ defines the polar orientation of the electron beam relative to the quark’s
line of flight. We have defined the sum and the difference of the hadronic tensor with
λq = ±12 helicities of the produced quark as
H(±)µν = Hµν(λq = +
1
2
)±Hµν(λq = −12), (4)
where the covariant hadronic tensor is defined as usual by
Hµν =
∑
q¯(g) spins
〈q q¯(g)|jµ|0〉 〈0|j†ν |q q¯(g)〉. (5)
The spin sum in Eq. (5) does not include the spin of the quark which one wants to observe.
Thus, in the case of two-body production e+e− → qq¯, the hadronic tensor is a function
of q2 and the spin vector s of the quark. For the three-body final state in e+e− → qq¯g,
the hadron tensor depends in addition on two Dalitz-plot type variables which will be
specified later on. In the three-body case, the hadron tensor has more structure than
indicated in Eqs. (2) and (3) which, however, disappears after azimuthal averaging as is
always implied in this paper.
In order to exhibit the orientation-dependence of the produced quark, we have
projected onto the helicity structure functions HU = H++ + H−−, HL = H00 and
HF = H++ −H−−, where
HλZ,γλZ,γ = ε
µ(λZ,γ)Hµν ε
ν∗(λZ,γ), (6)
and λZ,γ is the helicity of the current or the gauge boson. The hadron tensor H
i
µν car-
ries an extra index i (which is sometimes suppressed) to specify its vector/axial-vector
decomposition according to
H1µν =
1
2
(HV Vµν +H
AA
µν ),
H2µν =
1
2
(HV Vµν −HAAµν ), (7)
H4µν =
1
2
(HVAµν +H
AV
µν ).
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Note that one has HVAµν = H
AV
µν for the unpolarized and alignment polarization cases that
are relevant for our discussion.
The electroweak coupling factors, finally, are contained in the coefficients gij(s).
They are given by
g11 = Q
2
f − 2QfvevfReχZ + (v2e + a2e)(v2f + a2f )|χZ|2,
g12 = Q
2
f − 2QfvevfReχZ + (v2e + a2e)(v2f − a2f)|χZ |2,
g14 = 2QfveafReχZ − (v2e + a2e)2vfaf |χZ|2, (8)
g41 = 2QfaevfReχZ − 2veae(v2f + a2f)|χZ |2,
g42 = 2QfaevfReχZ − 2veae(v2f − a2f )|χZ|2,
g44 = −2QfaeafReχZ + 4veaevfaf |χZ|2,
with the usual notation [9]
χZ(s) =
gM2Zs
s−M2Z + iMZΓZ
, g =
GF
8
√
2piα
≈ 4.49 · 10−5GeV−2, (9)
ve = −1 + 4 sin2 θW , ae = −1 for leptons,
vf = 1− 83 sin2 θW , af = 1 for up-type quarks (Qf = 23), and (10)
vf = −1 + 43 sin2 θW , af = −1 for down-type quarks (Qf = −13).
The average alignment polarization of the quark can be obtained from Eq. (1) by
averaging over cos θ. One has
〈P ℓ(cos θ)〉 = g14H
4(−)
U+L
g11H
1(+)
U+L + g12H
2(+)
U+L
=: P ℓU+L, (11)
where we have written HU+L = HU + HL. In order to project out a given helicity
structure function from Eq. (1), one needs to take moment averages of P ℓ(cos θ). In our
later discussion, we shall be mainly interested in the longitudinal alignment structure
function H
4(−)
L , which can be obtained with respect to the moment factor (2 − 5 cos2 θ).
One has
〈(2− 5 cos2 θ)P ℓ(cos θ)〉 = g14H
4(−)
L
g11H
1(+)
U+L + g12H
2(+)
U+L
=: P ℓL. (12)
It is important to realize that both the total alignment polarization P ℓU+L and the
longitudinal alignment polarization P ℓL cover the range −1 ≤ P ℓL ≤ 1, since P ℓU+L can be
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written as a ratio (a− b)/(a + b) and P ℓL as a ratio (a− b)/(a + b+ c), where a, b and c
are transitions probabilities into definite helicity states and are thus positive definite.
We want to mention that there is a certain amount of simplification of Eq. (1) in
the mass-zero limit, where HV V = HAA. In this case, P ℓ(cos θ) is given by
P ℓ(cos θ) =
g14
{
3
8
(1 + cos2 θ)H
4(−)
U +
3
4
sin2 θH
4(−)
L
}
+ 3
4
cos θg41H
1(−)
F
g11
{
3
8
(1 + cos2 θ)H
1(+)
U +
3
4
sin2 θH
1(+)
L
}
+ 3
4
cos θg44H
4(+)
F
. (13)
3 Born term contribution
and the O(αs) mass-zero case
The Born term contributions to the various hadron tensor components can be easily
worked out. If v =
√
1− 4m2q/q2 denotes the velocity of the quark in the c.m. system,
one finds
H
4(−)
U = 4NC q
2v, (14)
H
4(−)
L = 0, (15)
H
1(−)
F = 2NC q
2(1 + v2), H
2(−)
F = 2NC q
2(1− v2), (16)
H
1(+)
U = 2NC q
2(1 + v2), H
2(+)
U = 2NC q
2(1− v2) (17)
H
1(+)
L = NC q
2(1− v2) = H2(+)L , (18)
H
4(+)
F = 4NC q
2v, (19)
where NC = 3 takes into account that each quark pair occurs in three color states. For
the sake of completeness we write down the appropriate two-body e+e− → qq¯ production
cross section which reads
dσ
d cos θ
=
piα2v
3q4
D(cos θ), (20)
where the above H
1,2(+)
U,L and H
4(+)
F have to be substituted in the denominator function
D(cos θ) given in Eq. (3).
The vanishing of the longitudinal alignment component H
4(−)
L in Eq. (15) can be
understood in many different ways. It is connected with the vanishing of the axial-vector
helicity amplitude HA
0;λq=±
1
2
,λq¯=±
1
2
, or, alternatively, with the vanishing of the longitudinal
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projection of the axial-vector current matrix element, i.e. (p1 − p2)µu¯(p1)γµγ5v(p2) = 0.
In partial wave language, HA
0;± 1
2
,± 1
2
is contributed to by the LS-amplitude L = 1 and
S = 0 (L = 1, S = 1 does not couple, because the corresponding Clebsch-Gordan
coefficient (LLzSSz|Jγ,ZJγ,Zz ) = (1010|10) vanishes). However, as is well known from
positronium and quarkonium considerations, the charge conjugation quantum number of
the L = 1, S = 0 state is C = (−1)L+S = −1 and thus does not match up with the charge
conjugation C = +1 of the axial-vector current. Put in a different language, the Born
term contribution to the longitudinal alignment polarization is a second class current
effect and is thus zero in the SM. The above argument easily generalizes to the n-loop
case, where one similarly concludes that its contributions to the longitudinal alignment
polarization vanishes. Nonvanishing contributions start coming in from three- or more-
body final states as for example from the one-gluon emission graph that will be discussed
further on.
Returning to Eq. (1), one can then calculate the Born term contribution to P ℓ(cos θ).
On the Z-peak the polarization is (re = 2veae/(v
2
e + a
2
e))
P ℓ(cos θ) = −2 vfafv(1 + cos
2 θ) + re(v
2
f + a
2
fv
2) cos θ
(v2f + a
2
fv
2)(1 + cos2 θ) + v2f (1− v2) sin2 θ + 4revfafv cos θ
. (21)
The result Eq. (21) agrees with the value of P ℓ(cos θ) quoted in Ref. [1]. Note again
the absence of the longitudinal contribution proportional to sin2 θ in the numerator. The
mass-zero case is easily obtained by setting v = 1 in Eq. (21). One can then directly
calculate the following SM values for the average of the alignment polarization on the
Z-peak. The values are 〈P ℓ(cos θ)〉u ≈ −69% and 〈P ℓ(cos θ)〉d ≈ −94% for up- and
down-type quarks, respectively. By using Eq. (21) it is easy to check that there is very
little mass and orientation dependence of P ℓ(cos θ) on the Z-peak.
To conclude this section, we shall also list the value of the alignment polarization
P ℓ(cos θ) in the mass-zero case including O(αs) radiative corrections. The longitudinal
structure functions H
(±)
L can easily be calculated since they receive only finite contri-
butions from the one-gluon emission graphs. The (y, z)-Dalitz plot distribution of the
relevant longitudinal tree graph contribution is [9]
H
4(−)
L (y, z) = H
1(+)
L (y, z) = 64piNCCFαs
1− y − z
(1− y)2 (22)
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(y = 1 − 2p1 · q/q2, z = 1 − 2p2 · q/q2, p1 = pq, p2 = pq¯). After z-integration over the
(y, z)-Dalitz plot with the appropriate 4-dimensional integration measure, one finds a flat
y-distribution
1
16pi2
q2
1−y∫
0
dz
1− y − z
(1− y)2 =
1
32pi2
q2. (23)
The remaining y-integration in the interval [0, 1] is trivial and the fully integrated contri-
butions to the longitudinal structure functions are then given by [10]
H
4(−)
L = H
1(+)
L = 2NCCF
αs
pi
q2, (24)
where as usual CF = 4/3 denotes the Casimir operator in the fundamental representation
of the SU(3) color group. The O(αs) integration for mq = 0 in Eq. (23) is deceptively
simple. The corresponding O(αs) calculation for mq 6= 0 discussed in Sec. 4 turns out to
be considerably more complicated.
To calculate the remaining massless unpolarized (U) and forward-backward (F )
structure functions, we need to add the loop contributions. Only the sum of the tree- and
loop-contributions to HU and HF are IR/M finite. Let us simply list the remaining struc-
ture functions including the anomalous contributions to the polarized structure functions
H
4(−)
U and H
1(−)
F , i.e. the finite O(αs) anomalous spin flip contributions that remain as
mq → 0.
H
4(−)
U = NCCF
αs
pi
(1− [2])q2, H1(+)U = NCCF
αs
pi
q2, (25)
H
1(−)
F = NCCF
αs
pi
(0− [2])q2, H4(+)F = 0. (26)
The anomalous spin-flip contributions are listed in the square brackets. The polarized
structure function H
4(−)
U can be obtained from [6] (where U + L was calculated) and
Eq. (24) using the relation U = (U + L) − L. The forward-backward structure function
H
4(+)
F has been calculated in [11] for the massive quark case and in [12] for the mass-zero
case. Since the anomalous spin-flip contributions cancel in the sum of helicity transitions,
the limit mq → 0 is smooth for the unpolarized structure functions. On the other hand,
since H
4(−)
U = H
1(+)
U and H
1(−)
F = H
4(+)
F in massless QCD, the normal (unbracketed) no-
flip contributions to the polarized structure functions H
4(−)
U and H
1(−)
F can immediately be
obtained from the respective unpolarized cases. Thus, e.g. the normal no-flip contribution
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to H
1(−)
F vanishes since H
4(+)
F vanishes. The total contribution to H
1(−)
F including the
anomalous spin-flip term has been calculated in [13]. Finally, as has been emphasized
before, there are no O(αs) anomalous spin-flip contributions to the longitudinal polarized
structure function H
4(−)
L , since these are associated with collinear gluon emission which
are absent in H
4(−)
L due to the fact that H
4(−)
L vanishes at the Born term level.
4 O(αs) correction to the longitudinal
alignment polarization for mq 6= 0
The calculation of the massive O(αs) corrections to the longitudinal alignment polarization
is straightforward but tedious. One first projects out the relevant longitudinal compo-
nents and then performs the phase-space integration to obtain the longitudinal polarized
structure functions. We mention that we define the longitudinal structure functions with
respect to the line of flight of the quark.
The relevant normalized covariant longitudinal projector is thus given by
ΠµνL = ε
µ(0) ε∗ν(0) =
1
p21z
(
pµ1 −
p1 ·q
q2
qµ
)(
pν1 −
p1 ·q
q2
qν
)
, (27)
where p1 is the quark’s momentum and q denotes the total four-momentum carried by the
gauge boson. In terms of the (y, z)-variables, the longitudinal projector takes the form
ΠµνL =
4
q2 [(1− y)2 − ξ]
{
pµ1 − 12(1− y) qµ
} {
pν1 − 12(1− y) qν
}
. (28)
A straightforward calculation of the O(αs) tree graph contribution gives
H
4(−)
L (y, z) = Π
µν
L H
4(−)
µν (tree)
=
8piαsNCCF
{(1− y)2 − ξ}3/2
[
4(2− 3ξ + ξ2)− (16− 8ξ − 3ξ2)y
+8(1 + ξ)y2 − (8− 10ξ − ξ2)z + 4(2 + ξ)yz
−2ξ(1− ξ)
(
y
z
+
z
y
)
− ξ(2− 3ξ)y
2
z
+ 4ξ
y3
z
+ ξ2
y3
z2
]
. (29)
for the longitudinal projection of the vector/axial-vector interference part of the polarized
hadron tensor. We have used the abbreviation ξ = 4m2q/q
2. In calculating the squared
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matrix element Eq. (29), we have made use of the covariant form of the alignment po-
larization 4-vector sℓµ = ξ
− 1
2
(√
(1− y)2 − ξ, 0, 0, 1 − y
)
. In the mass-zero limit ξ → 0,
Eq. (29) can be seen to collapse to the mass-zero case Eq. (22). Since there are no IR sin-
gularities when integrating H
4(−)
L , one does not have to introduce a gluon mass as infrared
regulator. Note that the denominator factor {(1− y)2− ξ}3/2 in Eq. (29) vanishes at the
edge of phase space where p1z = 0 (=̂ y = 1 −
√
ξ, see Fig. 1). This vanishing, however,
does not correspond to a true singularity but is canceled by the numerator factor. In
fact, H
4(−)
L vanishes at y = 1−
√
ξ. We shall have to return to this point when doing the
y-integration later on.
The integration measure for the (y, z) integration appropriate for the integration of
the three-body phase-space is given by
dPS =
q2
16pi2v
dy dz, (30)
where the phase-space region is shown in the Dalitz plot in Fig. 1. The boundary functions
z±(y) of the phase space integration are listed in the Appendix together with the boundary
values y±. Note that the phase-space factor Eq. (30) is given by the ratio of three-body
and two-body phase-space factors, since we are giving our results in terms of the two-body
structure functions. For definiteness, we list the appropriate three-body production rate,
which is given by dσ
dy dz d cos θ
=
α2
48piq2
D(y, z, cos θ) (31)
where the denominator function Eq. (3) is now written in terms of the (y, z)-dependent
three-body structure functions H
(+)
U,L,F (y, z).
As a first step, we perform the z-integration to obtain the differential y-distribution
of the polarized longitudinal structure function H
4(−)
L (y). One finds
H
4(−)
L (y) =
q2
16pi2v
∫ z+(y)
z
−
(y)
dz H
4(−)
L (y, z) (32)
=
αsNCCF q
2y
2piv{(1− y)2 − ξ}3/2
[
− ξ
{
2(1− ξ) + (2− 3ξ)y − 4y2
}
ln
(
z+(y)
z−(y)
)
+
{
(4− ξ)2(2− ξ)
2(4y + ξ)
− 1
2
(16− 6ξ − ξ2) + 2(2 + 5ξ)y
}√
(1− y)2 − ξ
]
.
The vanishing of H
4(−)
L at the soft photon point y = 0 is explicit in Eq. (32). Also, as
mentioned before, H
4(−)
L does not become singular at ymax = 1−
√
ξ, but vanishes at this
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point. For ξ = 0, one recovers the massless result Eq. (24).
As a next step, we do the y-integration. As just mentioned, Eq. (32) is well-behaved
for y → 1 − √ξ, since the denominator zero is canceled by the numerator factor. How-
ever, when integrating Eq. (32) term by term, one does encounter spurious singularities
in intermediate steps of the calculation. These spurious singularities will be regularized
by slightly deforming the phase-space edge from y+ = 1 −
√
ξ to y+ = 1 −
√
ξ − ε (see
Fig. 1). The spurious divergences must and do cancel out after all terms are recombined.
A complete list of analytical expressions for the necessary spin-dependent integrals en-
countered in the integration of Eq. (32) is given in the Appendix. Finally, the totally
polarized longitudinal structure function is given by
H
4(−)
L =
∫
dPS H
4(−)
L (y, z) =
∫
dy H
4(−)
L (y)
=
αsNCCFq
2
2piv
[
4(1− ξ)(2− ξ)T1 − (16− 8ξ − 3ξ2)T2 + 8(1 + ξ)T3
−(8− 10ξ − ξ2)T4 + 4(2 + ξ)T5 − 2ξ(1− ξ)(T6 + T7)
−ξ(2− 3ξ)T8 + 4ξT9 + ξ2T10
]
, (33)
where the spurious ln ε singularities can be seen to cancel in Eq. (33). Taking the mq → 0
limit in Eq. (33) requires some care, but one can check that Eq. (33) reduces to the
massless result Eq. (24) as mq → 0.
In Figs. 2, the numerical O(αs) results of the longitudinal alignment polarization
and the total cross section are displayed for e+e− → γ, Z → tt¯ with a top-quark mass
of mt(mt) = 174 GeV. We have considered the running of the strong coupling [14] by
evolving α(5)s (MZ) = 0.123 within 5 flavor QCD to the heavy-quark threshold and then
connecting the threshold value to a theory with 6 active flavors. Evidently, it suffices
to use the QCD renormalization group equations up to one-loop order. For the bottom
quark case to be discussed next, similar matching conditions relate the couplings of the
theory with 5 quarks and an effective theory with only 4 quarks.
The top quark production cross section shown in Fig. 2(a) rises steeply from thresh-
old at 348 GeV and then settles down to its asymptotic 1/q2 behaviour. The longitudinal
alignment polarization P ℓL shown in Fig. 2(b) is negative and remains quite small at less
than 1%. It rises from threshold and has only reached one-third of its asymptotic value
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P ℓL ≃ 2g143g11 αsπ (1 + αsπ )−1 ∼= −0.64% (modulo logarithmic effects from the running of the
coupling constant) at 1000 GeV. In Fig. 3, we show the y-distribution of the longitudi-
nal alignment polarization for three different q2-values. The polarization peaks toward
maximal y-values, i.e. the polarization is largest for the lower top quark energies where
the production cross section is smallest. Note that the y-distribution of the polarization
is defined by the O(αs) tree graph distribution alone, i.e. the polarization distribution
in Fig. 3 is an O(α0s) effect, since the QCD coupling factor αs cancels in the numerator
and denominator. This explains the sizable polarization values in Fig. 3 as compared
to the total O(αs) polarization values in Fig. 2(b). Note also that the soft-gluon point
y = 0 does not require special attention because of the afore-mentioned absence of an IR
singularity in the polarized longitudinal structure function. The total rate factor in the
denominator for Eq. (1) does become singular for y → 0 leading to the rapid vanishing of
the longitudinal alignment polarization as y → 0.
The results for bottom-quark production are presented in Figs. 4. On the Z-peak, we
find for the longitudinal beam alignment polarization a maximal value of P ℓL = −2.05%.
In the range from 300 GeV to 1000 GeV, P ℓL decreases slightly from −1.4% to −1.2%.
This fall-off is mainly due to the logarithmic fall-off of αs. If one neglects this effect again,
the polarization would increase and reach the asymptotic value P ℓL ≈ −1.64%. We do
not present any y-distributions of the longitudinal alignment polarization for the b-quark
case since we have not implemented any collinear cuts in the present calculation. In the
absence of such cuts, the y-distribution of the polarization is nominally zero when mb → 0
because the denominator in the polarization expression is singular for any value of y in
this case, due to the collinear singularity at z = 0.
We mention that, in our numerical evaluations, we have made use of the simple
Schwinger-type approximations derived in Ref. [15] for the unpolarized cross section,
which appear in the denominator of the polarization expression Eq. (11).
Acknowledgements. M.M.T. wishes to thank J. Bernabe´u, J. Pen˜arrocha and
A. Pich for stimulating discussions and gratefully acknowledges the support given by
the Alexander-von-Humboldt Foundation and the Generalitat Valenciana.
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Appendix: qq¯g Phase-Space Integration
The boundaries of the three body phase-space are given by the functions
z± =
2y
4y + ξ
{
1− y − 1
2
ξ ±
√
(1− y)2 − ξ
}
, (A1)
where the extremal values of y are
y− = 0, y+ = 1−
√
ξ. (A2)
The boundaries of the three-body phase-space are shown in Fig. 1. One first does the
z-integration in the above limits. The result is listed in Eq. (32). As mentioned before,
one encounters spurious divergences at the upper boundary y = ymax in individual terms
when further integrating Eq. (32) over y. These spurious divergencies are regularized by
introducing the cutoff ε. Then the spin-dependent integrals with no logarithms have the
form (n = 0, 1; m = 1, 2)
T (n,m) =
1−
√
ξ−ε∫
0
dy
ym
(4y + ξ)n((1− y)2 − ξ) . (A3)
It is not difficult to see by complete induction that the following relation holds
4 T (n,m) = T (n− 1, m− 1)− ξ T (n,m− 1). (A4)
With a short list of the basic integral solutions, one can then successively construct all
the remaining integrals.
The second type of integral needed to integrate Eq. (32) involves the additional
factor ln[z+(y)/z−(y)]/
√
(1− y)2 − ξ in the integrand of Eq. (A3) where now n = 0 and
m = 1, 2, 3. Using again an appropriate substitution, all the solutions containing also
dilogarithms [16] can be found in a straightforward manner. A complete list of integrals
encountered in the spin-dependent calculation is the following:
T1 =
∫ dy dz
{(1− y)2 − ξ}3/2
=
2(1−√ξ)√
ξ(2−√ξ)2
[
− ln ε+ 1
2
ln ξ − ln(1 +√ξ) + ln(1−√ξ) + ln 2
]
+
4ξ
(4− ξ)2
[
3
2
ln ξ − ln(1 +√ξ)− 2 ln(2−√ξ) + ln 2
]
, (A5)
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T2 =
∫
dy dz
{(1− y)2 − ξ}3/2 y
=
2(1−√ξ)2√
ξ(2−√ξ)2
[
− ln ε+ 1
2
ln ξ − ln(1 +√ξ) + ln(1−√ξ) + ln 2
]
− ξ
2
(4− ξ)2
[
3
2
ln ξ − ln(1 +√ξ)− 2 ln(2−√ξ) + ln 2
]
+ 1
2
ln ξ
− ln(1 +√ξ) + ln 2, (A6)
T3 =
∫
dy dz
{(1− y)2 − ξ}3/2 y
2
=
2(1−√ξ)3√
ξ(2−√ξ)2
[
− ln ε+ 1
2
ln ξ − ln(1 +√ξ) + ln(1−√ξ) + ln 2
]
+
ξ3
4(4− ξ)2
[
3
2
ln ξ − ln(1 +√ξ)− 2 ln(2−√ξ) + ln 2
]
+1
4
(8− ξ)
[
1
2
ln ξ − ln(1 +√ξ) + ln 2
]
+ 1−√ξ, (A7)
T4 =
∫
dy dz
{(1− y)2 − ξ}3/2 z
= 2
(1−√ξ)2
(2−√ξ)3
[
− ln ε+ 1
2
ln ξ − ln(1 +√ξ) + ln(1−√ξ) + ln 2
]
+
ξ(32− 20 ξ − ξ2)
2(4− ξ)3
[
3
2
ln ξ − ln(1 +√ξ)− 2 ln(2−√ξ) + ln 2
]
+2
ξ(1−√ξ)
(4− ξ)(2−√ξ)2 −
1
2
[
1
2
ln ξ − ln(1 +√ξ) + ln 2
]
, (A8)
T5 =
∫
dy dz
{(1− y)2 − ξ}3/2 y z
= 2
(
1−√ξ
2−√ξ
)3 [
− ln ε+ 1
2
ln ξ − ln(1 +√ξ) + ln(1−√ξ) + ln 2
]
−ξ
2(12− 7 ξ)
2(4− ξ)3
[
3
2
ln ξ − ln(1 +√ξ)− 2 ln(2−√ξ) + ln 2
]
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+
2
4− ξ
[
ξ
(
1−√ξ
2−√ξ
)2
+
√
ξ − 1
]
− 1
2
[
1
2
ln ξ − ln(1 +√ξ) + ln 2
]
, (A9)
T6 =
∫
dy dz
{(1− y)2 − ξ}3/2
y
z
= 2
1−√ξ
ξ(2−√ξ)
[
− ln ε+ 1
2
ln ξ − ln(1 +√ξ) + ln(1−√ξ) + ln 2 + 2
]
− 4− 3 ξ
ξ(4− ξ)
[
3
2
ln ξ − ln(1 +√ξ)− 2 ln(2−√ξ) + ln 2
]
−1
ξ
[
1
2
ln ξ − ln(1 +√ξ) + ln 2
]
− 2v
ξ
ln
(
1 + v
1− v
)
, (A10)
T7 =
∫ dy dz
{(1− y)2 − ξ}3/2
z
y
= 2
1−√ξ
(2−√ξ)3
[
− ln ε+ 1
2
ln ξ − ln(1 +√ξ) + ln(1−√ξ) + ln 2
]
−4 8− 6 ξ − ξ
2
(4− ξ)3
[
3
2
ln ξ − ln(1 +√ξ)− 2 ln(2−√ξ) + ln 2
]
−8 1−
√
ξ
(4− ξ)(2−√ξ)2 , (A11)
T8 =
∫
dy dz
{(1− y)2 − ξ}3/2
y2
z
= 2
(1−√ξ)2
ξ(2−√ξ)
[
− ln ε+ 1
2
ln ξ − ln(1 +√ξ) + ln(1−√ξ) + ln 2 + 2
]
−4 − 3 ξ + ξ
2
ξ(4− ξ)
[
3
2
ln ξ − ln(1 +√ξ)− 2 ln(2−√ξ) + ln 2
]
+
1 + ξ
ξ
[
−1
2
ln ξ + ln(1 +
√
ξ)− ln 2
]
− 2v
ξ
ln
(
1 + v
1− v
)
+1
2
ln
(
1 + w
1− w
)2
+ 1
2
[
1
2
ln ξ − ln(1 +√ξ) + 2 ln(2 +√ξ)− 5 ln 2
]
ln(1− w2)
+Li2
(
1 + w
2
)
+ Li2
(
1− w
2
)
− 2 Li2
(
2
√
ξ
2 +
√
ξ
)
− 2 Li2
(
2 +
√
ξ
4
)
−1
6
pi2 + ln2 2 + Li2
(
2
√
ξ
(2 +
√
ξ)(1 + w)
)
+ Li2
(
2
√
ξ
(2 +
√
ξ)(1− w)
)
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+Li2
(
(2 +
√
ξ)
(1 + w)
4
)
+ Li2
(
(2 +
√
ξ)
(1− w)
4
)
, (A12)
T9 =
∫ dy dz
{(1− y)2 − ξ}3/2
y3
z
= 2
(1−√ξ)3
ξ(2−√ξ)
[
− ln ε+ 1
2
ln ξ − ln(1 +√ξ) + ln(1−√ξ) + ln 2 + 2
]
−16 + 20 ξ − 12 ξ
2 + ξ3
4 ξ(4− ξ)
[
3
2
ln ξ − ln(1 +√ξ)− 2 ln(2−√ξ) + ln 2
]
+
(
2 + 1
4
ξ +
1
ξ
)[
−1
2
ln ξ + ln(1 +
√
ξ)− ln 2
]
−
(
4 +
2
ξ
)
v ln
(
1 + v
1− v
)
+3
2
ln
(
1 + w
1− w
)2
+ 3
2
[
1
2
ln ξ − ln(1 +√ξ) + 2 ln(2 +√ξ)− 5 ln 2
]
ln(1− w2)
+3
[
Li2
(
1 + w
2
)
+ Li2
(
1− w
2
)
− 2 Li2
(
2
√
ξ
2 +
√
ξ
)
− 2 Li2
(
2 +
√
ξ
4
)
−1
6
pi2 + ln2 2 + Li2
(
2
√
ξ
(2 +
√
ξ)(1 + w)
)
+ Li2
(
2
√
ξ
(2 +
√
ξ)(1− w)
)
+Li2
(
(2 +
√
ξ)
(1 + w)
4
)
+ Li2
(
(2 +
√
ξ)
(1− w)
4
) ]
+ 1−√ξ, (A13)
T10 =
∫
dy dz
{(1− y)2 − ξ}3/2
y3
z2
= 2
(1−√ξ)2
ξ3/2
[
− ln ε+ 1
2
ln ξ − ln(1 +√ξ) + ln(1−√ξ) + ln 2
]
+
8
ξ
[
1
2
ln ξ − ln(1 +√ξ) + ln 2
]
+
4
ξ
(1−√ξ). (A14)
We have used the short hand notation
w =
√√√√√√1−
√
ξ
1 +
√
ξ
.
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Figure Captions
Fig. 1: Graphical representation of the qq¯g phase-space for massive quarks (ξ =
4m2q/q
2 6= 0) in terms of the kinematic parameters y = 1 − 2p1 ·q/q2 and
z = 1 − 2p2 · q/q2. All boundary curves (shown are ξ = 0.1, 0.2, . . . , 0.9)
intersect with the origin and have their maximum values on the axes at
y+, z+ = 1−
√
ξ.
Fig. 2: The c.m. energy dependence of (a) the longitudinal beam alignment polar-
ization and (b) the total cross section for top-quark production at the one-
loop QCD level. We have taken mt(mt) = 174GeV and α
(5)
s (MZ) = 0.123.
Fig. 3: The longitudinal beam alignment polarization P ℓL for e
+e− → γ, Z → tt¯g
as a function of the phase-space parameter y = 1 − 2p1 ·q/q2. The curves
correspond to fixed c.m. energies of 350 GeV, 500 GeV and 1000 GeV.
Fig. 4: (a) Order αs longitudinal beam alignment polarization and (b) total pro-
duction rate for the bottom quark mb(mb) = 4.3GeV as a function of the
c.m. energy
√
q2.
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